
JANUARY 1990 TECHNICAL NOTES 173

Conclusion
Lambda for air at atmospheric conditions has been evalu-

ated based upon what is deemed the best available data. How-
ever, these data are not as reliable as they might be and future
resolution of the discrepancies in sound-absorption measure-
ments should improve the accuracy of the computations.
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Thermal Response of a Dynamically
Loaded Viscoelastic Rod with

Variable Properties
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Abstract

T HERMAL response of a viscoelastic rod subject to high-
frequency cyclic loading is studied. The material con-

sidered models a solid rocket propellant with temperature-
dependent thermal conductivity. The mathematical model
takes the form of a set of nonlinear, coupled partical differen-
tial equations. An algorithm based on an iterative finite-
difference method and an averaging technique have been
developed to solve these coupled equations directly. The
results indicate that the temperature of a material with
temperature-dependent thermal conductivity is higher than
that of one with constant thermal conductivity. This shows
that noticeable errors can occur, especially at the thermal reso-
nant frequencies where thermal conductivity is considered
constant.

Viscoelastic materials are dissipative in nature. They
dissipate large amounts of mechanical energy in the form of
heat when subjected to high-frequency loading. Solid pro-
pellant, which is used as the rocket fuel, is also a viscoelastic
material. Due to the high speed of the rocket, the solid fuel is
subjected to high-frequency vibration. Heating due to vibra-
tion near a resonance frequency may lead to melting or
material failure. Tormey and Britton1 conducted vibration
tests on solid fuel. They found that the heating due to vibra-
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tion increased the material temperature significantly to the ex-
tent that it even flowed out of the motor. Henter2 derived a set
of coupled partial differential equations for the propagation
of stress, strain, and temperature distribution in a viscoelastic
media. Huang and Lee3 studied longitudinal oscillations of
viscoelastic rods. They solved the nonlinear coupled equations
by iteration, thus determining stress and temperature distribu-
tions along the rod. Mukherjee4 solved the same problem by a
simpler method. He substituted a partially linear equation for
the nonlinear differential equation and then solved this equa-
tion by the finite-difference method. In all the papers cited
certain parameters such as thermal conductivity and specific
heat, which are weak functions of temperature, are assumed
to be constants. This assumption, however, can lead to signifi-
cant errors, especially at higher temperatures and critical fre-
quencies.5'6 This is due to the strong temperature dependence
of the mechanical properties, which makes the system of equa-
tions very sensitive to temperature variations. In this paper the
effects of temperature-dependent thermal conductivity on the
temperature distribution of a viscoelastic rod subjected to
cyclic loading are discussed. Numerical solutions are obtained
by the finite-difference method over a wide range of frequen-
cies. The effects of frequency on the temperature and dis-
sipated energy are studied. This leads to a critical frequency at
which the temperature is maximum. Heating due to vibration
near a critical frequency may cause the solid fuel to soften and
melt the material. Therefore, accurate evaluation of these
critical frequencies is vital. To simulate the solid rocket pro-
pellant, a viscoelastic rod of length 1 insulated on its lateral
surface, as shown in Fig. 1, is considered. The left end is free,
while the right end is attached to a vibrator that has a pre-
scribed stress given by a = a0 cosotf where a0 is the stress
amplitude, co the frequency, and / the time. The temperature
of the vibrator is assumed constant at T0, a convective boun-
dary condition is assumed at x = 0, H is the surface conduc-
tance, and K is the thermal conductivity of the material. It is
also assumed that the solid rocket propellant is a ther-
mohelogically simple material. The objective is to find the
temperature distribution along the rod. Solving the governing
equations (the energy balance equation, equation of motion,
and stress-strain relationship),7 they reduce to the form

= 0 (1)

= 0 (2)

oi) (3)

where p is the mass density, C the specific heat, J{ the storage
modules, J2 the loss modules, and al and a2 the real and im-
aginary parts of stress amplitude a, respectively. By in-
tegrating over a cycle for a periodic motion, the ther-
momechanical terms due to the oscillation of the rod do not
appear in the modified energy equation. The heat dissipated is

dx2
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8T/6x = (H/K)(T - To)

o = 0

x = l

T = T0

a = ao cos co t
Fig. 1 Model of the solid rocket propellant.



174 AIAA JOURNAL VOL. 28, NO. 1

then expressed through the loss compliance J2 and is given by
the term 0.5aj/2(<j\ + ol).

The heat-dissipated term represents the work done by the
stress on a deformation that is out of phase with the stress and
is not recoverable. This is lost as heat. Since it is directly pro-
portional to o\ and o\ tne neat dissipation of the rod is strong-
ly sensitive to the stress and, therefore, the stress amplitude a0.
The slightest change in the stress amplitude could cause large
variations in the dissipation of heat, and hence large changes
in the temperatures along the rod. In this section the energy
equation for a material with a temperature-dependent thermal
conductivity is derived. From the generalized curve for the
temperature dependence of thermal conductivity of the
polymers,8 the following equation for the thermal conductivi-
ty of solid rocket prdpellant is obtained where Q =0.01973,
C2 = 1.442 x 10- 5, and T( °F) is the temperature:

200

K=Cl-C2T

Substituting K in Eq. (3), we get

(4)

Now consider the term 7V2. Differentiating with respect to x,
we get

(6)

Finally Eqs. (5) and (6) are combined to simplify the energy
equation in the following form:

dU2

(7)

where U= 7V2. The two sets of Eqs. (1-3) and (1), (2), and
(7), are solved separately. The two solutions are then com-
pared to find the effect of temperature-dependent thermal
conductivity on temperature distribution. The following data
for a solid rocket propellant as given in Ref. 3 are used:

y* = (4.61 + /1.62)10-n co-°-214 (T+125)3-2 1 in.2/lb,
p/2 = 1.023 x 103 psi/s2, pC= 160 Ib/in./in °Fs, (H/K)l= 1.0,
1=3.. in, T0 = 65, °F

The problem is solved numerically by an iterative finite-
difference method. The solution procedure is summarized by
the following three steps:

Step 1
In this step, Eqs. (1) and (2) are solved simultaneously. This

is done iteratively to determine the stress distribution a{ and o2
along the rod. The temperature values used for evaluation of
the stress are from the previous iteration (or the initial guess
for the first iteration).

Step 2
This step involves the solutions of Eqs. (3) (constant ther-

mal conductivity) and (7) (variable thermal conductiity). The
temperature distribution along the rod is determined using the
values of the stresses computed in stage 1. This is also done
iteratively until an acceptable convergence is reached.

Step 3
In the final step, the new temperature values calculated in

stage 2 are compared with those obtained from the previous
iteration (or the initial guesses for the first iteration). If the er-
ror is not acceptable, the old temperature values are replaced
with the new values and the entire process is iterated until an
acceptable level of accuracy is achieved. At the critical fre-

BN

a

I

150-

100-

50

0 Variable K
m Constant K

103 104

Frequency hz

105

Fig. 2 Peak temperature vs frequency; constant K and variable K,
a0 = 1.42Ib/in.2
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Fig. 3 Peak temperatues vs frequency; constant K and variable
er0=2.841b/in.2

quency convergence is found to be slow or impossible. To
overcome this problem, instead of using the new trial
temperature found in stage 2, a percentage of this temperature
is added to the previous iteration value (weighting technique).

Twenty grid points are chosen along the viscoelastic rod.
These points were chosen such that doubling the number of
grid points resulted in a change of only 0.2% in the solution.
The end conditions are known. Hence, 18 unknowns are pre-
sent. These equations can be solved by a number of different
methods such as Gaussian elimination, LU decomposition,
etc. Since the system of equations is represented by a tridiago-
nal matrix, it is solved by the Thomas algorithm, which is a
highly efficient tridiagonal solver.10

Figures 2 and 3 show the effect of thermal conductivity on
the temperature at two different stress amplitudes. At a low
stress amplitude (Fig. 2) the peak temperaturs obtained for
temperature-dependent thermal conductivity were found to be
very close to the one obtained for constant thermal conductivi-
ty. However, at a higher stress amplitude (Fig. 3) the peak
temperatures were much higher for temperature-dependent
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thermal conductivity. For example, for a stess amplitude of
2.84 lb/in.2, an increase of about 40% in the peak
temperature was found at the second thermal resonance fre-
quency. At the thermal resonant frequencies, very sharp in-
creases in temperatures were found. Also, when the constant
and variable thermal conductivity solutions were compared,
(both solved by the weighing technique) no significant shift in
the thermal resonant frequency was observed. This is evident
in Fig. 3.

Thermal conductivity of a solid rocket propellant is gen-
erally a weak function of temperature. This is perhaps the
reason for the constant thermal conductivity assumption in
most research efforts studying the phenomenon. However, it
is found that at high temperatures, this assumption introduces
errors of large magnitudes. Convergence was found to be
much slower when thermal conductivity was considered as a
function of temperature than when it was fixed. The
temperatures were generally higher than those for constant
thermal conductivity, especially at the thermal resonant
frequencies.
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Analytical Dynamic
Model Improvement

Using Vibration Test Data
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more stringent. Ground vibration tests are often used to im-
prove the analytical dynamic model.1'6

The mode shapes and natural frequencies obtained from
incomplete modal tests do not usually satisfy the dynamic
equation and orthogonality requirements. The most common
approach is first to modify the analytical mass matrix to satisfy
the orthogonality condition based on the measured modal
data. Then, the stiffness matrix is modified to fulfill the eigen-
value equation as a function of the measured mode shapes,
natural frequencies, and the corrected mass matrix.7'13

An alternate approach is to correct the stiffness matrix using
static test data. Then, the analytical mass matrix is modified to
fulfill the eigenvalue equation based on the modal test data
and the updated stiffness matrix.14

Both approaches have the merits of improving the analytical
structural dynamic models; however, the interaction between
mass and stiffness matrices are not taken into consideration in
deriving the analytical equations. In this paper, both the ana-
lytical mass and stiffness matrices are modified simultaneously
using the vibration test data.15 The dynamic model improve-
ment is obtained using the element correction method com-
bined with the Lagrange multiplier technique.16 The dynamic
equation and the orthogonality constraints are enforced dur-
ing the analytical derivation. The effects due to mass and
stiffness interaction are clearly determined from the final
equations. This method is a viable technique for improving an
analytical model based on an incomplete set of test data.

Theoretical Formulation
The mode shapes and natural frequencies obtained from

ground vibration tests are often incomplete. The desired mass
and stiffness matrices are required to be modified to fulfill the
eigenvalue equation and the orthogonality constraints using
the modal test data.

The measured modal matrix $ (n x m) is rectangular, where
n>m, and the natural frequencies matrix fi2 (m x m) is diag-
onal. Both analytical mass MA (nxn) and stiffness KA (n x n)
matrices are symmetric. The normalized mode shapes and the
measured frequencies are assumed correct and have to satisfy
the basic orthogonality requirement and eigenvalue equation,
as shown in Eqs. (1) and (2).

(D

(2)

Where M(n xn) and K(n x«) are symmetric matrices and
represent the corrected mass and stiffness matrices, respec-
tively,

M = MT

K=KT

(3)

(4)

It is physically reasonable and mathematically convenient to
correct the mass and stiffness matrices, which are subjected to
the constraint Eqs. (1-4) by minimizing the weighted Euclid-
ean norms, ei and e2.

Introduction
( HE structural dynamic model of a modern air vehicle
becomes critical as the mission requirement becomes

2 £ (*» -x
(5)
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where matrices A (n x n) and B(n x n) are symmetric weight-
ing functions for stiffness and mass matrices, respectively.


